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Induced magnetic moment in noncommutative Chern-Simons scalar QED
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We compute the one loop, O(θ) correction to the vertex in the noncommutative Chern-Simons
theory with scalar fields in the fundamental representation. Emphasis is placed on the parity odd
part of the vertex, since the same leads to the magnetic moment structure. We find that, apart
from the commutative term, a θ-dependent magnetic moment type structure is induced. In addition
to the usual commutative graph, cubic photon vertices also give a finite θ dependent contribution.
Furthermore, the two two-photon vertex diagrams, that give zero in the commutative case yield
finite θ dependent terms to the vertex function.
I. INTRODUCTION
The possibility of particles carrying fractional angular momentum on a plane is, by now, well accepted [1]. The role
of Chern-Simons (CS) term [2] in inducing fractional spin has been carefully investigated [3]. Field theoretically, it
has been shown in 2+1 dimensions that, one can calculate fractional angular momentum eigenvalues of single particle
states. Furthermore, Polyakov showed that, the interaction of scalar particles with the CS gauge field leads to the
transmutation of a boson into a spinning particle [4]. An interesting consequence of this is the appearance of spin
magnetic moment for the bosons, not possible in 3+1 dimensions. Although not present at the tree level, the boson
spin is induced at the one-loop level, leading to a magnetic moment for the bosons [5]. The existence of magnetic
moment leads to unusual planar dynamics, as shown for scalars and spinors in the context of Maxwell-Chern-Simons
electrodynamics [6, 7]. Therefore, the magnetic moment of anyons has been studied extensively [8]. CS field theories
have attracted considerable attention in the literature [9] as effective theories for explaining the physics of fractional
Hall effect [10].
Noncommutative (NC) field theories have been generating interest in the past few years in the context of string
theory [11]. Though the idea of noncommutativity, as a regulator for the divergences in field theory, was introduced
very early on [12]; only recently, has it been been taken up as an independent field of study. NC field theories
are defined on a manifold with coordinates that do not commute: [xµ, xν ] = iθµν . These theories have attracted
considerable attention in the context of quantum Hall effect [13]. The NCCS theory and its variants have been quite
useful in explaining the filling fraction of the electrons in the lowest Landau level [14]; there are a number of other
physical situations where noncommutative field theories have been useful [15].
It has been shown that even though the CS term is absent at the tree level, it is generated due to radiative corrections
at the one loop level in the presence of fermions [16–18]. A CS type term is also generated in the effective action of
charged particles in a magnetic field [19]. Recently, various aspects of NC theories with a CS term have been under
the scrutiny of a number of authors [20–24].
Keeping this as well as the fact that, a spin magnetic moment can play an important role in the planar dynamics,
we compute the magnetic moment of scalar particles in the context of noncommutative scalar QED in 2+1 dimension
with a tree level CS term. It can be noticed from the action that, apart from the usual vertex a three gluon vertex
also contributes even for an U(1) theory. This feature is quite similar to the non-Abelian commutative theories [25].
The two-photon Feynman diagram will also contribute due to the appearance of non-planar integrals. These NC
contributions to the vertex vanish when the NC parameter θ is set to zero giving the commutative result.
The paper is organized as follows. In the following section, we introduce the NCCS action with bosonic matter fields
and state the Feynman rules stemming from it. In Section III, the vertex contributions arising from all the diagrams
[26] at one-loop level are computed. We concentrate on the parity odd gauge invariant pieces, since the same lead to
magnetic moment type interactions. Up to first order in θ, the vertex expression is found to contain real and imaginary
pieces. The imaginary part depends on the magnitude of the non-commutative parameter. Contributions indicating θ
dependent spin type structures are identified, akin to 3+1 dimensional theories. Conclusions are presented in section
IV, pointing out future directions of work. For the sake of completeness, we provide in the appendix the results for
non-planar momentum integrals, encountered in the course of our calculation.
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FIG. 1: The boson-photon vertex.
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FIG. 2: The two scalar-photon vertex.
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FIG. 3: The three gauge boson vertex.
≡ 2ieMǫνµρ sin [(p× r)/2].
II. FEYNMAN RULES
The U(1) NCCS action with scalar matter fields is given by
S⋆ =
∫
d3x
[
M
2
ǫµνρ
(
Aµ ⋆ ∂νAρ +
2ie
3
Aµ ⋆ Aν ⋆ Aρ
)
+ (Dµφ
† ⋆ Dµφ−mφ† ⋆ φ)
]
, (1)
where Dµφ = ∂µφ− ieAµ ⋆φ. The matter field has been taken to be in the fundamental representation. The presence
of (Aµ ⋆ Aν ⋆ Aρ) term leads to self-interaction amongst the photons and is similar to the commutative non-Abelian
version of the theory. Furthermore, two-photon terms from the matter action also contribute to the vertex, which give
zero in the commutative version of the above theory. As is already known [15], the propagators retain their structure
in the NC theories and only the vertices are modified. Therefore, the gauge field and the scalar propagators for the
above NC action are
Gµν(p) = − 1
M
ǫµνρ
pρ
p2
and D(p) =
i
p2 −m2 + iǫ , (2)
respectively. Here the gauge propagator is defined in the Landau gauge, since it is known to be infrared safe [27]. The
interaction vertices and their expressions are shown in Figs. (1), (2), and (3). In the expressions for the figures and
in what follows, ()× () ≡ θµν()µ()ν .
III. INDUCED MAGNETIC MOMENT
In this section, we evaluate various scalar one-loop diagrams contributing to the vertex, upto first order in θ.
The calculations have been broken up into different subsections, corresponding to different diagrams, for the sake of
convenience.
A. Boson-photon vertex contribution
The contribution to the vertex arising from the diagram shown in Fig. (4), which is also present in the commutative
case, can be written in the form
3p′
µ
(p′ − p)
q
p (p− q) (p′ − q)
FIG. 4: scalar-gauge field vertex.
Γ1µ = −e2
∫
d3q
(2π)3
(p+ p′ − 2q)µ(2p− q)ν(2p′ − q)ρGνρ(q)
[(p− q)2 −m2][(p′ − q)2 −m2] e
−iq×Ke
i
2
p×p′ , (3)
where Kµ ≡ (p′ − p)µ. The above can be simplified to yield
Γ1µ = −
4e2
M
∫
d3q
(2π)3
ǫνραpνp
′
ρqα(p+ p
′ − 2q)µ
q2[(p− q)2 −m2][(p′ − q)2 −m2] e
−iq×Ke
i
2
p×p′ . (4)
The loop integral can be evaluated in the standard manner. After combining the denominators [we have used Eq.
(A1)] and shifting the integration variable we get
Γ1µ = −
8e2
M
∫ 1
0
dx
∫ x
0
dy
∫
d3q
(2π)3
ǫνραpνp
′
ρq˜α[(2x− 1)pµ + (1− 2x+ 2y)p′µ − 2q˜µ]
[q˜2 − ω21 ]3
e−iq˜×Ke−
i
2
(1−2y)p×p′ , (5)
where ω21 = (1 − y)2m2 − (1 − x)(x − y)K2 and q = q¯ + (x − y)p′ + (1 − x)p. For the sake of notational simplicity,
we continue to denote the new integration variable q˜ as q in this, as well as later calculations. In solving the above
integrals, we retain only the qµqα term, since only this term gives magnetic moment type interaction. The momentum
integral, using the result of Eq. (A3), yields
Γ1µ = −
8ie2ǫµνρp
νp′
ρ
(2
√
π)3M
∫ 1
0
dx
∫ x
0
dye−
i
2
(1−2y)p×p′
[
|K˜|
2|ω1|
]1/2
K1/2(|K˜||ω1|). (6)
The parametric integrals can be handled in an elegant manner by going to a particular frame of reference: the rest
frame of the scalar particle, where p×p′ = 0. Also, we take θ0i = 0, since it is known that space-time noncommutativity
violates unitarity [28]. Using
K±1/2(z) =
√
π
2
e−z√
z
, (7)
and retaining terms first order in θ from the above expansion, we get
Γ1µ = −
ie2ǫµνρPνKρ
4πM
[
1
m
− |K˜|
2
]
. (8)
It must be mentioned that, the above expression is obtained in the K2 → 0 limit. Furthermore, we have replaced p
and p′ using the relations for Kµ and Pµ = p′µ + pµ.
B. Three-photon vertex contribution
Here, we deal with the three-gluon contribution shown in Fig. (5), to the NC vertex:
Γ2µ = −2ie2M
∫
d3q
(2π)3
(p′ + q)ρ(p− q)λGνα(p− q)ǫαµβGβρ(p′ − q)
(q2 −m2) sin
[
(p− q)× (p′ − p)
2
]
e
i
2
q×K,
4µ
p
(p′ − q)(p− q)
q
(p′ − p)
p′
FIG. 5: The three photon vertex contribution.
=
2ie2
M
∫
d3q
(2π)3
ǫναλǫµαβǫ
βρδ(p′ + q)ρ(p− q)λ(p+ q)ν(p′ − q)δ
(q2 −m2)(p− q)2(p′ − q)2 sin
[
p× p′ − q ×K
2
]
e
i
2
q×K. (9)
The above vertex Γ2µ, can be written in terms of planar and non-planar contributions in the form,
Γ2µ =
4e2
M
∫
d3q
(2π)3
ǫναλpλp
′
αqνqµ
(q2 −m2)(p− q)2(p′ − q)2 [e
i
2
p×p′ − e− i2p×p′eiq×K]. (10)
In obtaining the above expression, we have simplified the numerator using the standard ǫ manipulations. As before,
combining the denominators and shifting the integration variable we get
Γ2µ =
8e2
M
∫ 1
0
dx
∫ x
0
dy
∫
d3q
(2π)3
ǫναλpλp
′
αqνqµ
(q2 − ω22)3
[e
i
2
p×p′ − eiq×Ke i2 (1−2y)p×p′ ], (11)
where ω22 = m
2y2 − (x − y)(1 − x)K2. The vertex can be separated as: Γ2µ = Γ2Pµ + Γ2NPµ . The planar part can be
simplified:
Γ2Pµ = −
ie2
4πM
∫ 1
0
dx
∫ x
0
dy
ǫµαλp
′αpλ
my
. (12)
It can be noticed that the above planar contribution has a logarithmic divergence. The non-planar contribution can
be written in the form
Γ2NPµ =
4ie2ǫναλg
µν
M(2
√
π)3
∫ 1
0
dx
∫ x
0
dy
[
|K˜|
2|ω2|
]1/2
K1/2(|K˜||ω2|). (13)
On expanding the Bessel function and retaining contribution linear in the NC parameter, we see that the log divergence
from the planar piece exactly cancels a similar divergence from the non-planar contribution. Hence, the 3-photon
vertex is divergence free. Such a cancellation of divergences stemming from the planar and non-planar contributions
has been noted in the photon self-energy calculation in 3+1 dimensions [29]. The contribution to the vertex can be
combined into a compact form:
Γ2µ =
ie2
4πM
ǫµνρPνKρ |K˜|
4
. (14)
C. Two-photon vertices
The two photon vertex amplitude in Fig. (6) can be written in the form
Γ3µ =
2e2
M
∫
d3q
(2π)3
ǫνρλgµν(2p
′ − q)ρqλ
q2[(p′ − q)2 −m2] cos
[
q ×K
2
]
e
i
2
p×p′e−
i
2
q×K, (15)
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FIG. 6: The two photon vertex.
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FIG. 7: The two photon vertex.
which yields,
Γ3µ =
2e2
M
∫ 1
0
dx
∫
d3q
(2π)3
ǫµρλp
′ρqλ
(q2 − ω23)2
[
e
i
2
p×p′ + e−iq×Ke−
i
2
(2x−1)p×p′
]
. (16)
In obtaining the above expression we have redefined the integration variable by q = q¯ + xp′ and defined ω23 = p
′2x2.
It is clear that the planar contribution is zero and only the non-planar integral survives:
Γ3NPµ =
2e2ǫµρλp
′ρK˜λ
(2
√
π
3
)
∫ 1
0
dx e−
i
2
(2x−1)p×p′
[
|K˜|
2|ω3|
]−1/2
K−1/2(|K˜||ω3|), (17)
which in the rest frame gives the final answer in the form
Γ3NPµ =
e2ǫµνρp
′νK˜ρ
4πM
[
1
|K˜|
− m
2
]
. (18)
In solving the momntum integral we have made use of the result from Eq. (A2). Similarly for the other two photon
vertex [Fig. (7)] we get,
Γ4NPµ = −
e2ǫµνρp
νK˜ρ
4πM
[
1
|K˜|
− m
2
]
. (19)
D. Two-photon and three-photon vertex
This last subsection deals with the two photon and three gluon vertex. Similar to the contribution of Fig. (5) the
contribution from this diagram is purely due to NC nature of the action. Calling the contribution from this diagram
as Γ5µ:
Γ5µ =
4ie2
M
∫
d3q
(2π)3
gαβǫ
ανλǫµνρǫ
ρβδ(p′ − q)δ(p− q)λ
(p′ − q)2(p− q)2 cos
[
(p′ − q)× (p− q)
2
]
sin
[
(p′ − p)× (p′ − q)
2
]
e
i
2
p×p′ . (20)
The standard manipulations give
Γ5µ = −
2ie2
M
∫
d3q
(2π)3
ǫµνλ
(p′ − q)2(p− q)2
[PλKν
2
+Kλqν
]
sin[p× p′ − q ×K]e i2p×p′ . (21)
Proceeding as before we get
Γ5µ =
2ie2
M
∫ 1
0
dx
∫
d3q
(2π)3
ǫµνλKλqν
(q2 − ω25)2
sin[q ×K]e i2 p×p′ , (22)
6(p′ − q)
p p′
µ
(p− q)
(p′ − p)
FIG. 8: The two and three photon vertex.
where ω25 = x(x− 1)K2. Performing the momentum integration, with q = q¯ + p+ xK, one gets
Γ5µ = −
2e2ǫµνλKλK˜ν
(2
√
π)3M
∫ 1
0
dx
[
|K˜|
2|ω25|
]−1/2
K−1/2(|K˜||ω25 |)e
i
2
p×p′ . (23)
Upon simplification, the contribution from this vertex diagram turns out to be
Γ5µ =
e2ǫµνρKνK˜ρ
4πM |K˜|
. (24)
Combining the various vertices at first order in θ, one gets
Γµ = − ie
2ǫµνρPνKρ
4πM
[
1
m
− 3|K˜|
4
]
+
e2ǫµνρKνK˜ρ
4πM
[
2
|K˜|
− m
2
]
. (25)
The above vertex contributions, as can be noticed, is separates into real and imaginary parts. The real part results due
to the appearance of the θ dependent spin type term, unlike the other term where only the magnitude of θ appears.
It can be seen from the above expression that, the theta independent term of the first piece arises due to the original
vertex diagram which yielded a finite value to the parity odd part of the vertex function present in the commutative
theory [6]. This parity odd term can couple to the external magnetic field and hence it was interpreted as the magnetic
moment for the scalar particles. The present term receives a finite NC correction due to the appearance of non-planar
integrals. This correction depends on the value of the NC parameter and hence can also be interpreted as a correction
to the magnetic moment structure. The real piece of the vertex function is interesting because, the parity odd spin
term couples not only to the external fields but it also couples to the NC parameter. Similar structures also arises in
the angular momentum operator as has been shown recently [30].
IV. CONCLUSIONS
In conclusion, we have evaluated the NC vertex diagrams at one loop level, up to first order in θ, for the scalar
particles. The non-planar contributions brought in corrections to the spin structure and also coupled the external field
to the θ tensor. It has been shown recently that, the magnetic moment for scalar matter fields in NC Maxwell-Chern-
Simons can lead to the formation of bound states on plane [31]. Hence, the implication of these loop corrections needs
careful investigation. θ dependent contributions to angular momentum has been computed recently and has been
related to Berry’s phase in momentum space. It is worth reminding that, in the conventional CS theory the Berry’s
phase has manifested in the context of Hall effect. In this light, it will be exciting to study the NC contribution more
carefully.
When the present manuscript was under preparation, we came across a preprint [32], where the authors have
analyzed the singularity structure of the vertex diagrams considered here. [33]
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APPENDIX A: IMPORTANT INTEGRALS
Below we give the solutions of the various loop integrals encountered in the present work. For the sake of notational
simplicity we denote K˜µ ≡ θµνKν .
1
ABC
= 2
∫ 1
0
dx
∫ x
0
dy [Ay +B(x− y) + C(1− x)]−3. (A1)
∫
d3q
(2π)3
qµ
[q2 − ω2]2 e
±iq×K = ∓ K˜µ
(2
√
π)3
[
|K˜|
2|ω|
]−1/2
K−1/2(|K˜||ω|). (A2)
∫
d3q
(2π)3
qµqνe
±iq×K
[q2 − ω2]3 =
i
(2
√
π)3
 K˜µK˜ν
4
[
|K˜|
2|ω|
]−1/2
K−1/2(|K˜||ω|)−
gµν
2
[
|K˜|
2|ω|
]1/2
K1/2(|K˜||ω|)
 . (A3)
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